Effect of spins on the quantum entropy of black holes 



O 

o 



CO 



CN 
> 



CN 

o 



Jiliang Jing * a b Mu-Lin Yan t b 
a) Physics Department and Institute of Physics , Hunan Normal University, 
Changsha, Hunan 410081, P. R. China; 
b) Department of Astronomy and Applied Physics, University of Science and Technology of China, 

Hefei, Anhui 230026, P. R. China 

By using the Newman-Penrose formalism and 't Hooft brick-wall model, the quantum entropies 
of the Kerr-Newman black hole due to the Dirac and electromagnetic fields are calculated and the 
effects of the spins of the photons and Dirac particles on the entropies are investigated. It is shown 
that the entropies depend only on the square of the spins of the particles and the contribution of 
the spins is dependent on the rotation of the black hole, except that different fields obey different 
statistics. 
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I. INTRODUCTION 



Since Bekenstein and Hawking found that black hole entropy is proportional to the event horizon area by comparing 
black hole physics with thermodynamics and from the discovery of black hole evaporation ||, much effort has 
1 been devoted to the study of the statistical origin of black hole entropy [Q - [^7| . 't Hooft [Q proposed a "brick wall" 
^3 ", model (BWM) in which he argued that black hole entropy is identified with the statistical-mechanical entropy arising 
from a thermal bath of quantum fields propagating outside the horizon. In order to eliminate the divergence which 
appears due to the infinite growth of the density of states close to the event horizon, 't Hooft introduces a "brick wall" 
cutoff: a fixed boundary near the event horizon within the quantum field does not propagate and the Dirichlet 
boundary condition was imposed on the boundary, i.e., the wave function = for r = r(E;i). The BWM has been 
successfully used in studies of statistical- mechanical entropy arising from scalar fields for static black holes [Q , [JO]] , 
q-( jl6| , (2^] and stationary axisymmetric black holes 1 23 1 |23j] . 

For the electromagnetic field case Kabat ||| studied entropy in Rindler space and found an unexpected surface 
term which corresponds to particle paths beginning and ending at the event horizon. This term gives a negative 
contribution to the entropy of the system and is large enough to make the total entropy negative at the equilibrium 
temperature. However, Iellici and Moretti |29[| proved that the surface term is gauge dependent in the four-dimensional 
case and therefore can be discarded. Cognola and Lecca J3(]] studied the statistical-mechanical entropy in the Reissner- 
Nordstrom black hole spacetime. They showed that there is no such surface term by applying the BWM, and they 
found that the leading term of the entropy for the electromagnetic fields is exactly twice the one for a massless scalar 
field. The result can be extended to the general static spherical static black holes even if we consider the both a leading 
and a sub-leading corrections However, the question whether or not the result is valid stationary axisymmetric 
black holes, say the Kerr and the Kerr-Newman black holes, is still remained open. 

On the other hand, Li (3^] studied the entropy of the Dirac field in the Reissner-Nordstrom black hole by the BWM 
and he declared that the entropy depends on the linear term of the spins of the particles. However, the expressions 
presented in the Ref. |?2| is only valid for each component of the Dirac field. The total entropy of the black hole due 
to the Dirac field does not include linear spins terms because the entropy should be sum of the four components of 
the fields and then the terms for the spins cancel each other. Liu and Zhao |33| calculated the entropy of the Dirac 
field in the Kerr-Newman black hole but they did not consider the sub-leading terms. How do the quantum entropy 
relate to the spins of the Dirac particles also is an interesting question and should be studied deeply. 

The purpose of this paper is to investigate effects of the spins of the photons and Dirac particles on the statistical 
entropy by deducing expressions of the statistical-mechanical entropy arising from the electromagnetic and the Dirac 
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fields in the four-dimensional Kerr-Newman black holes. 

The paper is organized as follows: In Sec. II, the Dirac field equations are decoupled by introducing the Newman- 
Penrose formalism and then the quantum entropy of the Kerr-Newman black hole due to the Dirac field is calculated 
by using 't Hooft's BWM. In Sec. Ill, we deduce an expression of the statistical-mechanical entropy of the Kerr- 
Newman black hole arising from the electromagnetic field by using the same method as in Sec. II. The last section 
devoted to discussions and conclusions. 



II. STATISTICAL-MECHANICAL ENTROPY OF THE KERR-NEWMAN 
BLACK HOLE DUE TO THE DIRAC FIELD 



We now try to find an expression of the statistical-mechanical entropy due to the quantum Dirac fields in the Kerr- 
Newman black hole. We first express the decoupled Dirac equation in Newman-Penrose formalism, then we seek the 
total number of modes with energy less than E, and after that we calculate a free energy. The statistical-mechanical 
entropy of the black hole is obtained by variation of the free energy with respect to the inverse temperature and 
setting (3 = 0h- 

In Boycr-Lindquist coordinates, the metric of the Kerr-Newman black hole B4] |35[ is described by 



asin 2 9(r 2 + a 2 - A) 
E ( (r 2 + a 2 ) 2 - Aa 2 sin 2c 



9tt = , 9t v 

9rr = 9ee = E, g w = I - — £ " J sin z 6, (2.1) 
with 

E = r 2 + a 2 cos 2 8, A = (r - r+){r - r_), (2.2) 



where r± = M ± \J M 2 — Q 2 — a 2 , and r+, M, Q, and a represent the radius of the event horizon, the mass, the 
charge, and the angular momentum per unit mass of the b lack hole, respectively. 

In order to express the Dirac equation in the spacetime (2.1) in the Newman-Penrose formalism, we take covariant 
components of the null tetrad vectors as 

Z M = ^-(A, — S, 0, ~aAsin 2 9), 

n„ = — (A, E, 0, -aAsin 2 6), 

= — -=(iasm6, 0, — E, — i(r 2 + a 2 ) sin#), 
v2 

m M = — y=(-msin6>, 0, — E, i(r 2 + a 2 ) sin 9). (2.3) 
v2 

The nonvanishing spin-coefficients can then be written as p3] p7| 

1 pcotO iap 2 sin 9 iapp sin 9 

P ~ r-iacose' ~ 2\/2 ' ^ ~ V2 \/2 ' 

p 2 pA Pf>(r-M) , 
fi=— — , 7 = AiH 2 ' a^TT-(i, (2.4) 

The Dirac equation in a curved spacetime is given by 

^ab*^ +iVoQ C 'e C "B> = 0, 

°AB>Q$+ilHP C 'e C 'B> =0, (2.5) 

where v2po is the mass of the particle which will be set to zero in this paper for simplicity, and the matrix & AB , is 
defined as 
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a AB> = 



V2 



r m l 
in 1 n % 



When we let 



■P u = -pi/me 



-i(Et-mip) 



V 1 = ipi2e 



-i(Et-rrnp) 



with 



Q° = ip2ie- i{Et - mv \ Q 1 = -pyj 2 2e- l(Et - mv) , 
(E = const. m — const.) 

1P21 = fi + i(r)9_i(fi), V22 = fl_j(r)e +i (e), 
we get the following decoupled Dirac equations (3(| 

V AV\R + x{r) = X 2 R + i{r), 
AV\v R_i(r) = X 2 R_i(r), 

2 2 2 

4£ie + i(0) + A 2 e +i (0) = o, 

Ci_c\e_i(e) + A 2 e_i(6») = 0, 

2 2 2 2 

with 

X> f 
£ f 



9 




r - M 
+ 2n A 


9r 


+ — 


o> 




r—M 
+ 2n A 


9r 


~ ~A~ 


(9 
50 


+ X 2 4 


n cot 0, 


a 


-X 2 4 


n cot 0. 



where = (r 2 + a 2 )S — ma and K 2 = aEsmO 



The Eqs. (|2.9|) can be explicitly expressed as 



. c? 2 i?„ . . di?„ 

A— _i+3(r-M -T - 
dr z dr 

. d 2 R s , . r . di?, 
A^^ + (r-M) 



2s + AisrE + 



K\ - 2isK 1 (r - M) 



A 



dr 2 



dr 



d 2 & s 

de 2 



d 2 e s 
de 2 



cote 



cote 



de 



de s 
de 



AisrE 
2maE - a 2 E 2 sin 2 9 - 

+2as_Bcos e H 
2ma£ - a 2 ^ 2 sin 2 



K\ 2isK 1 (r-M) 
~A A 



R s 



R s = 0, 
= 0, 



1 



sin 2 6> 

2smcos6 

sin 2 6 
,,,2 



sin 2 6> 



25771008 6* 

-2asEcose H s h s 

sin 2 



s 2 cot 2 1 



s 2 cot 2 6» + \ 2 



®s = 0, 



e, = 0, 



). 



(. = -2), 



(2.6) 



(2.7) 



(2.8) 



(2.9) 



(2.10) 



(2.11) 



here and hereafter s = ±s represents the spin of the Dirac particles. For explicit calculation of the free energy we 
adopt the following WKB approximation. We now rewrite the mode functions as 



—ik r 



e±i(») = e ± i(9)c-* 



(2.12) 
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and suppose that the amplitudes R±i (r) and 0±i (0) are slowly varying functions: 

« \k r \ 2 , 
« l^l 2 . 



1 


dfLi 

2 


< 


Ifcrl, 


1 


d 2 R + i 

^ 2 


1 

1 2 


dr 


i 

1 2 


dr 2 


1 


de+i 

^ 2 


< 




1 


d 2 e+i 

^ 2 


^ 2 


dr 


^ 2 


dr 2 



(2.13) 



Thus, from Eqs. (2.5) and (2.11) we obtain 

Vn: fcii(£?,m,fc.(fl) 1 r > e) a = 
-k s (9) 2 + 2saEcos9 + 

V>i 2 : k 12 (E,m,k s (9),r,e) 2 = 
-k s (9) 2 + 2saEcos9 + 

^21 : fc 21 (£,m,fc s (0),r,0) 2 = 
~k s (9) 2 + 2saEcos9 + 

ifa: k 22 (E,m,k s {9),r,9) 2 = 
-k s (9) 2 + 2saEcos9 + 



[{r 2 + a 2 )E - ma} 2 1 



A 2 




2smcos# 
— r^-T 1- s 


- s 2 cot 2 


sin 2 6> 




[(r 2 +a 2 )£- 


met 

— + 


A 2 




2sm cos 9 

o h S 


- s 2 cot 2 


sin 2 6> 




[(r 2 +a 2 )£- 


I 2 

ma 

— + 


A 2 




2smcos9 
o s 


- s 2 cot 2 


sin 2 9 




[(r 2 +a 2 )E- 


I 2 

ma 

— + 


A 2 




2smcos# 
o s 


- s 2 cot 2 


sin 2 9 





— 2maE - a E sin" 
A 



2ma£ - a 2 £ 2 sin 2 i 



sin 



1 

A 



sin 2 9 



A 



(- = -5), 



sin 2 (9 



(2.14) 



(2.15) 



(2.16) 



— 2ma£ - a^ sin-" 
A 



sin 



(2.17) 



Therefore, for each component ipij of the Dirac field the number of modes with E, m and kg takes the form |3J 



riij(E,m, k s (9)) 



(19 



drk ij (E,m,k s (9),r, 9), 



(2.18) 



m+h 



here we introduce the 't Hooft brick-wall boundary condition. In this model the Dirac filed wave functions are cut off 
outside the horizon, i.e., ipij — at which stays at a small distance h from the event horizon r + . There is also an 
infrared cutoff ipij — at r = L with L»f|. 

It is known that "a physical space" must be dragged by the gravitational field with an azimuth angular velocity 
CIh in the stationary axisymmetric space-time [ p9[ . Apparently, a quantum Dirac field in thermal equilibrium at 
temperature 1/(3 in the Kerr-Newman black hole must be dragged too. Therefore, it is rational to assume that the 
Dirac field is rotating with angular velocity f^o = &>h near the event horizon. For such an equilibrium ensemble of 
states of the Dirac field, the free energy can be expressed as 

1 + e -0( E ~ n om)" 



(3F — j dm J dpe J dn(E,m,pg)ln 

dm j dpg j dn(E + Q^m, m,pg)ln (l + e~^ £ ) 
n(E + l^om, m, 



(3 j dm I dp, 



eJ iE + l 



-dE 



= -/3 



i(E) 



eP E + 1 



dE, 



with 



i(E) j ' dm J dk s{9) J riij{E + tt m,m,h s {6)), 



(2.19) 



(2.20) 
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where the function n(E) presents the total number of modes with energy less than E. 
It is interesting to note that Eqs. ( |2.14 )-(2.17) can be rewritten as 



fen 



k 2 \ 



+ - 



9tt9ip(p — 9tip 

' 1 



9tpv 



k s {ef 



9w 



.gee sin 9 



9ee \ y/9<p<p 

1/2 



cor 



ki2 = 



1 — 9rr9 ^ 2 \(E-mnf 

9tt9<ptp — 9 tip I 



9ee 



9tt 



-(1 - 2a.Ecosf 



9ttp 

g^pip 



+- 



g<pip 



i sin 



cor 



(1 - 2aEcos6) 

gee 



9ttp 



{E - mfi) 2 +[g tt 

gtt9fp — 9tip I V 9<pv 



k s (0f 



+— 1 



9 <p<p 



cot z 



/eesin 2 6>/ (jim 

grrg<p<p J / 771 0^2 



(1 + 2a.Ecos< 



g\ip 



, , (E - mCiy + g tt 

gug w — g tip I \ Sw 



k s {9f 



gw 



gee sin 6 



cor 



gee 



-(1 + 2a.Ecos( 



ks{9) 2 
gee V y/dvv 

1/2 



s^/g w cos 5 
gee sin 2 6> 

Syfg^ cos 9 
gee sin 2 



5ee \ V3w 

1/2 



4). 

s^Jg w cos ( 
gee sin 2 6* 

(- = -i), 



to s Jg<p<p cos 6> 



5ee \ v^vv 

1/2 



(5 



gee sin 

-4>. 



In above equations function Q 



9t v 

9 V3 ^ 



and its value on the event horizon is equal to fin- Thus, we have 



(2.21) 



(2.22) 



(2.23) 



(2.24) 



nu(E) 



1 

7T 
1 

3^ 



<20 / dr dm dk s (9) k n (E + fl m, m, k s (9)) 

r + +h J J 



-g 



r++h 

g vv 2 (n-n„ 



1 + 



gttg vv -gt v 



gttg vv - g t ip 



1 



g^pv 



gee sin 



cor 



g y y 2 (n-o ) 2 

2 

9tt9ipip — 9t v 



gu 



Still 



9ttg vv -g'i v 



g<pip 



gee sin 9 



cot z 



g*t 



9tip 

g<pv 



gee 



-(1 - 2aScos( 



£■3 | 3-E / g? y 
2 \ g^ 



gee 



(1 - 2aEcos9) 



(2.25) 



«ai(£) = - I d9 



3tt 



g w 2 (ii-i2 ) 2 
9tt9<p<p — g^ 

3tt / Z-.+ft 



dr dm dk s (9) k 2 i(E + Q m, to, fc a (0)) 



dr^g 



£ 2 



gyf 2 (n-n ) 2 

2 — 

gttg v ^—g tv 



gtt 



9t<p 

g<pv 



— l 



g<p<p 



gee sin 
dr^g 



cor 



, gtt 



5 ^ ^ 



1 



g y y 2 (n-no) 2 
gttg v <p—g t 



— (1 + 2a.Ecos( 
gee 



£ 3 + ^ gtt-^ 



g w 2 (fi-O n ) 2 

9tt9iptp ~ Stp 



g^pv 



gee sin 



cor 



gee 



-(1 + 2aScos( 



(2.26) 
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ni2(E) takes same form as ni%(E) but with different value, so does U22{E) with n 2 \{E). In above calculations the 
integrations of the m and k s (0) are taken only over the value for which the square root of kij(E + Q.Qm,m,k s {9)) 2 
exists. 

Inserting n%j (E) listed above into Eq. ( 2.20D we get 



i{E) = nn(E) + n 12 (E) + n 2 i(E) + n 22 {E) 



4 

3^ 



d6 , 

2 

9tt9ip V — 9t v 



dr s 



( _ 9t^\ 9 rv 2 (.n-nq) 2 



E d 



3E 
~2~ 



9tt 



9t<p 



— II- 

9ee 



9<ptp 



gee sin 

„2 



cot z 



(2.27) 



We should note that although there are terms of s and s in each component of the modes, riy, the total number of 
the modes only depend on quadratic terms s 2 since all linear terms of s are counteracted each other. 



Taking the integration of the r in Eq. (2.27) for the case = SIh we have 

dO \ yjgeeg vv 



2s 2 E {fa 

47T 



y/geeg vv > 1 



9ff 



gee sin 



cot^ 



gee 



In 



L 

77" 



(2.28) 



with 



CM) 



d 2 g rr 3dg rr dlnf 



2tt 



dr 2 



2 9r <9r 



1 dg e 



1 5s ¥ 



/fev 7 / dr g w dr 



\ 2gtp<p 


\- 


' 'gty V 


) f 


dr 





(2.29) 



where / 



(»»z£) 



Substituting Eq. (2.28) into Eq. (2.19) and then taking the integration over E 1 we find the total free energy 



(3F = 



-7 



16 x 360 

2 

24 



f 1 



(3 



d0 



^/geeg vv ( 77 
y/geeg vv 1 - 



ft dr 



i sin 



cot 2 6> 

























In 








ft 



(2.30) 



In order to simplify the expression we set 5 2 
1 Jgl^dr 



% and A 2 

15 



4^ as we did in Refs. 



2| and |16[ [where 5 = 

is the proper distance from the horizon to Eft,, e is the ultraviolet cutoff, and A is 



the infrared cutoff (|] ^J]. Using the formula S — (3 2 ^ and noting that the area of the event horizon is given by 
Ah = f dip f d9 {y r gee~g^p} r , we obtain the following expression of the entropy 



Sn = 



7A H 7 f ( \ d 2 g rr 3 dg rr d\nf 2ir ( 1 dg, 

96^ " 720 7 M {y/9B69 VV [ dr2 +z dr dr (3^J \g ee 9, 



1 dg 



(pip 



967re : 

^g<pip 



"r g w dr 



9 flty Y 

/ \drg vv ) 



, A s 2 
e 6 



\Jgeeg w i - 



g<pv 



gee sin 



cot 



e 



(2.31) 

Substituting the metric (2.1) into Eq. ( [2.3l| ) and then taking the integrations of the 9 we find that the statistical- 
mechanical entropy of the Kerr-Newman black hole due to the Dirac field is given by 



Sn = 



7 ( A 



H 



2 V487re 2 
s 2 



1 

45 



1 - 



3Q 2 
4r 2 



■ arctan ( — 



ar + 
e 



arctan 



hi- 



A 



(2.32) 
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where Ah = 47r(r 2 _ + a 2 ) is area of the event horizon. 



III. STATISTICAL-MECHANICAL ENTROPY OF THE KERR-NEWMAN 
BLACK HOLE DUE TO THE ELECTROMAGNETIC FIELD 



We now use the same procedure to study statistical-mechanical entropy due to quantum electromagnetic fields in 
the Kerr-Newman black hole. 

In the Newman-Penrose formalism, the antisymmetric Maxwell tensor, F^, is replaced by the complex scalars 4>i 
p7| . Substituting spin-coefficients into Maxwell equations, i*Li/ ;7 ] = and Ff^ — 0, and then letting 



$ = O = R +1 (r)O +1 (0)e-« Et - m *\ 

$2 = = R-i{r)®-i{e)e- i{Et - m *\ 



(3.1) 



A 



dr 2 
d 2 R s 
dr 2 



2s + AisrE + - 



d 2 Q s 
d9 2 



d 2 e s 
de 2 



cot ( 



cot ( 



-AisrE 
d0 



A\ 2 2isifi(r-M) 
"A" A 

2maE - a 2 E 2 sin 2 9 - 



A 

fl, = 0, 



R s = 0, 



after some calculations we obtain the decoupled equations 36 

(AT>iV\ - 2iEr)R +1 (r) = XR+i(r), 
(AVlVo + 2iEr)R- 1 {r) = XR-i(r), 
{C\d + 2aEcos9)0 +1 {9) = -A6+i(0), 
{CqC\ - 2aEcos6)<d-i{6) = -A9_i(0), 

where functions T> n , X>£, C n , and C\ L are defined by Eq. ( 2.1 0| ) . The Eq. ( |3.2[ ) can be explicitly shown as 

K 2 ^-M)^^^^ (s = +1)) 

(* = -l), 
(.s = +1), 

(« = -l), 



. d 2 R s , . dR s 

A—tt^- + 4(r — M)— ^ + 
ar 



-2asEcos9 



sm 

2sto cos0 



s 2 cot 2 + A 



sm 



e s = 0, 



2maE - a 2 E 2 sin 2 i 



m 



-2asEcos9 



sm 

2sm cos 6 
sin 2 6 



s - s 2 cot 2 9 + A 



e, = 0, 



(3.2) 



(3.3) 



where K\ and K2 possess the same value as that of the Dirac field. Taking the WKB approximation we know that 
for $0 and fe(-i) for $2 possesses same form, which can expressed be as 



k s {E,m,k s {9),r, 9f 



[(r 2 + a 2 )E - ma] 2 
A 2 

-fc s (0) + 2saEcos9 



1 

A 

2sm cos 9 



2maE - a 2 E 2 sin 2 ( 



sin 2 9 



+ s - s 2 cot 2 9) , 



(s = +1 for $0, and s = — 1 for $ 2 ), 
Therefore, for each component of the electromagnetic field the number of modes with E is 



(3.4) 



(E) = ~ J d6 dr J dm J dk s {9) k s (E + Q Q m,m,k s (9)) 
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r+ + h 



9 VV ? (n-n ) 2 

— 

gttg vv -g tv 



1 + 



1 

3^ 



ffyy 2 (O-fl ) 2 

de 



r s 2 



gee 



9w 



cot 



dr- 



( n Sk- 
\ 9tt ~ 9 VV 



9i^ 2 (Si-Si ) 2 
3 — 




2 

9tt9<p<p ~ 9t v 



ill. 

9ee 



g^»e 



. sin 2 6» 



cot 2 



(1 + 2aScos( 

9ee 



(3.5) 



The integrations of the m and fc s (6 l ) are taken only over the value for which the square root of kfj exists. Therefore, 
the total number of modes of the electromagnetic field with E is given by 



n(E) = n+x{E)+n-i{E) 
2 



re 
r+ + h 



dr^ 



3E 



9tt 



<\ ( 

9w / V 



^ , V 2 (n-Sio) 2 
gttg<p<p—g tv 



2 I g vv 



1 



g vv 2 (n-n ) 2 
gttg<p V — g tv 



s 

gee 



1 



gee sin 9 



cot 2 9 



(3.6) 



The linear terms of the spin s are also eliminated in the total number of the modes. Carrying out the integration of 

ldg rr „, „, . L 



the r in Eq. (3.6) for the case fio = we obtain 

3 



n(E) 



Ph 
3tt V 4tt 

s 2 E {fa 
4tt 



dO ^geeg vv 
(10 



h dr 
\/geeg vv 1 



C{r, 9) In 



9fp 



gee sin 



cot 2 



See 



■4 



(3.7) 



where C{r,9) is given by Eq. (2.29). 

Substituting Eq. (3.7) into formula of the free energy 



pF = ~P 



n(E) 



(3.8) 



and then taking the integration over E we find 

3 

r 1 

P 



PF 



-1 
45 x 32 



^1 M« 



y/9eeg vv [ y dr 



ldg r 



C(r,6) In | 



— 1^1/ 'W 



24 V /? 



From which we obtain the statistical-mechanical entropy 



i sin 



cot 2 



■4 



(3.9) 



Sm = 



*d 2 g rr 3 dg rr d In f 2vr / 1 dg, 



247re 

/ 



d gtyY 



In 



A 



dr 2 

s 2 
h (3 



2 dr dr 



PVf V 



1 dg 



5ee <9r # w <9r 



y/geeg vv 1 



, sin 2 6> 



cot 2 6n 



ln : 



A 



(3.10) 



By using the metric (2.1) and Eq. (3.1C) and then taking the integrations of the 9 we final find following expression 
for the statistical-mechanical entropy of the Kerr- Newman black hole due to the electromagnetic field 
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487T6 2 



45 



s 

T 



ar + 



arctan 



In- 



A 



(3.11) 



IV. DISCUSSION AND SUMMARY 



The statistical entropies of the Kerr-Newman black hole arising from the Dirac and electromagnetic fields are 
studied. First, the null tetrad is introduced in order to decouple Dirac and Maxwell equations. Then, from the 
decoupled equations we find the total number of the modes of the fields by taking the WKB approximation. Last, the 
free energies are worked out and the expressions of the quantum entropies are presented by Eqs. (2.31) and (3.1C) or 
explicitly by Eqs. (2.32) and (3.11). Several special properties of the entropies are listed in order: 

a) The entropies depend on the spins of the particles just in quadratic term s 2 except different spin field obey 
different statistics. We know from each component of the Dirac and electromagnetic fields (say, ipn or $0) that 
the number of modes for every component field contains both terms of the s and s 2 . However, the linear terms of 
s are eliminated each other when we sum up all components to get the total number of modes. Of course, if we 
study entropy for single component of the Dirac or electromagnetic fields the result would include both the linear and 
quadratic terms of the spins. 

b) The contribution of the spin to the entropies is dependent of the rotation of the black hole or non-spherical 
symmetry of the spacetimes. For the static spherical symmetric black holes, such as the Reissner-Nordstrom and the 
Schwarzschild black holes, we know from the following limitation 



lim 

a— >o 



1 



ar + 



arctan 



0, 



(4.1) 



that the contribution of the spins of the particles in the results (2.32) and (3.11) vanishes. The result shows that the 
spins of the particles affect the statistical-mechanical entropy of the black hole only if interaction between the spins 
of the particles and the rotation of the black hole takes place for the Kerr-Newman black hole. We also know from 
the results (2.31) and ( 3.1 0| ) that the term of s 2 would be non-zero for a static non-spherical symmetric black holes, 
such as the Schwarzschild black hole with a cosmic string ]4C| ]. 

c) The contribution of the spins of the particles to the quantum entropy of the Kerr black hole takes the same form 
as that of the Kerr-Newman black hole. Equations (2.32) and (3.11) show that the entropies of the Kerr black hole 
due to the Dirac and electromagnetic fields are, respectively, given by 
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(4.2) 



(4.3) 



The results are different from quantum entropy of the Kerr black hole caused by the scalar field w hich co incid es wit h 
that of the Schwarzschild black hole (§7), i.e., S S caiar,Kerr = 7^2 + h In -. We learn from Eqs. (|2.32D, fl3.1l|), (O), 



and (4.3) that the contribution of the spins of the particles to the entropy of the Kerr black hole possesses the exactly 
same form as that of the Kerr-Newman black hole. 

d) For the static spherical symmetric black holes, such as the Reissner-Nordstrom and the Schwarzschild black 
holes, the quantum entropies arising from the Dirac field is 7/2 times that of the scalar held, and the entropy due 
to the electromagnetic Geld is exactly twice the one for a scalar Geld. The properties can be easily found from Eqs. 
(|2.32 ) and (3.11) and clause b) listed above. For the electromagnetic field the result agrees with that of the Ref. ]3C| ] 
pfijin which the Maxwell equations are expressed in terms of a couple of scalar fields satisfying Klein-Gordon-likc 
equations. 

In summary, starting from the Dirac and electromagnetic fields, the effects of the spins on the statistical-mechanical 
entropies of the Kerr-Newman, the Kerr, the static black holes are investigated. It is shown that the quantum entropies 
of the black holes depend on the spins of the particles just in quadratic term of the spins, and the contribution of the 
spins of the photons and Dirac particles is dependent of the rotation of the black hole and the non-spherical symmetry 
of the spacetime since the terms for the spins in the entropy vanishes as the rotation of the black hole tends to zero 
and the spacetime becomes spherical symmetry. 
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